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Exercise. Let f be a Lebesgue integrable function on R. Prove that

[e.9]

lim (cosz)"f(x)dr =0

n—oo — 00

Solution.

Dominated Comvergence Theorem: Let {f,} be a sequence in L' s.t.

(a) f. — f ae. and
(b) Ja non-negative g € L' s.t. |f,| < g a.e. Vn

Then f € L' and [ f = lim,_00 [ fn

Let hn(x) = (cosz)" f(x)
lim hn(z) = nli_}ng@(cos )" f(x) =0
and since |cosz| <1, |(cosz)"| <1
= [ ()] = [(cos )" f ()]
= [(cos2)"[|f ()]
<|f(@)]
and since /\f(:c)|dx < 00, |fl € L

Thus, by the Dominated Convergence Theorem,

lim [ (cosx)"f(x)dx = /ROd:v =0

n—oo




